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§1 Introduction

The reievance of the theory of monoids to automata
theory has recently become more and more apparent, (See, for example,

Mezei [2] with respect to finite automata, and Laing and Wright [1] with

respect to the theory of commutative machines.) In this paper certain
properties of commutative monoids are discussed; some of them are di?ectly
relevant to the theory of commutative automata. In particular, we are
interested in finitely generated monoids and in finite factor monoids.

We begin with a study of three closure operations o;
submonoids of a commutative monoid which provides us with tools for the
study of factor monoids, Next we discuss some properties of factor monoids
and give certain conditions for finite factor monoids, We conclude with
the proof that those closure operations lead to finitely generated monoids
wben they are applied on any submonoid of any finitely generated free

commutative monoid., In particular this implies that any normal submonoid

of any finitely generated free commutative monoid is finitely generated.




The notation used in this paper partially follows the
notation used in [1] for employing regular expressions to denote commutative
events. The customary notation of abelian algebras is also used. Thus B*,
x*, and A* denote the commutative monoids generated by B (any non-empty set
of elements of a given commutative monoid,) x (any element of a given com-
mutative moncid) and A (the identity element of the monoid under discussion).
But "+ denotes the operation of the monoid and therefore x+B* denotes the
coset determined by the monoid generated by B with x as a leader;

The problems discussed in this paper were suggested by
J. B, Wright; I wish to thank him for prompting this research and for his

continuous interest.
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§2 The closure operators NF' Sp and Hg,
Let F be a fixed commutative monoid.

Definition 1: Let M be a submonoid of F. We denote by NF(M)

the set of all elements y of F for which x+y ¢ M

for some x ¢ M, NF(M) is said to be the normal extension g£ M in F and M is

said to be a normal submonoid of F (in short normal) iff NF(M) = M,

Lemma 1: Let M be a submonoid of F, then:
(1) NF(M) is the minimal normal submonoid of F
which includes M;
(ii) M is normal iff x,x+y ¢ M implies y ¢ M for

any x,y € F,

Remark: For the proof of (i) we shall prove that NF is a

closure operation on the submonoids of F,

Proof: (1) M€ NF(M).

Let y € M then y+X ¢ M, Since A ¢ M we get y ¢ NF(M).




(@) N () is a submonoid of F,
Let x ,x N M), then x +y ,x +y ¢ M for some
I'ZCF\)' 1y1'2y2
Y ,¥ € M and therefore (x +x ) + (y +y ) ¢ M where y +y ¢ M, which shows
12 1 2 1 2 1 "2
that x1+x € NF(M)' Since A ¢ NF(M) we have that NF(M) is a submonoid of F,
2

3) NF(NF(M)) = NF(M)' hence NF(M) is normal,

By (1) we have that NF(M) € NF(NF(M))' Let
y € NF(NF(M))’ then‘y+x1 € NF(M) for some x1 € NF(M). But y+x1 € NF(M) implies
y+x +x € M for some x ¢ M and x ¢ N_(M) implies x +x ¢ M for some x ¢ M,

12 2 1 F 1 3 ‘3

Hence, y+(xl+x2+x3) e M where x1+x2+x3 ¢ M, which shows that y ¢ NF(M). Thus
we have NF(M) = NF(NF(M)).

(4) Let MI'Mz be submonoids of F; if Ml ¢ M2 then

N e .

F(M1) NF(Mz)

Let x ¢ NF(M ) then x+y ¢ M1 € M2 for some

y e M & M which shows that x ¢ N_(M ).
1 2 F 2
To complete the proof of (i), let M' be any normal submonoid

of F which includes M, then NF(M) 1 NF(M') = M', This shows that NF(M) is the

minimal normal submonoid of F which includes M.
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The proof of .(ii) follows immediately from Bf, 1,
Corollary: Let M1 be any intermediate submonoid of F hetween
M and NF(M)' (i.e., M & M1 & NF(M)), then

NF(Mi) = NF(M).

Proof: Immediate .
Lemma 2% Let ¢:F ~» Fi be a homomorphism of F onte a monoid

F,« If M is a normal submonoid of F then ¢'1(M1)
is a normal submonoid of F, In particular, the kernel of ¢ is a normal submonoid
of F,
Remark: Note that from the commutativity of F it follows

that F1 is commutative,

252223 Since ¢ is a homomorphism it follows immediately
that‘¢"1(Ml) is a submonoid of F, Let Xx,x+y ¢ ¢"(Ml)
where x,y € F, then we have ¢(x),¢(x+y) = ¢(x)+¢(y) ¢ Ml. Since Ml is normal
we have that ¢(y) ¢ M1 and therefore y ¢ ¢'1(Ml). Hence ¢ﬂ(M1) is a normal

submonoid of F.




Since A* = {A} is a normal submonoid of M1 we get that

ker ¢ = ¢'1(A) = ¢'1(A') is a normal submonoid of F,

Lemma 3: Let M be a submonoid of F; then (x+M)Nn (y+N) # ¢#

iff (x+NF(M))A(y*NF(M)) $9

Proof: FromM & Np(M) it follows that (x+M)n(y+M) # P
~ implies (x*NF(M)) n(y+NF(M)) # f. On the other hand,
let (x+NF(M))r\(y*NF(M)) # ¢ then we have X4X| = ¥4y for some Xy, ¢ NF(M);

hence X vu = u, and Y V., v, for some u ,v., u_, v, € M, Therefore,

171 2
+X_+U_+ = X+Uu + +X_+U_+V + + +V ¥ i i
X+X 4U HV, = X 2V, and x X FU HV) = ydy 4V du =y v, which imply

x+(u2*v1) = Y+(v2+u1) and this shows that (x+M) A (y+M) # @ since u MITYALN € M,

Lemma 4: Let M and N be two subménoids of F, IfM&N
and N is normal then
X € N§ (xeM)y N (y+M} ¥ @ implies y ¢ N,
Proof: We havg y+m2 = x+m1 where ml,m2 € M& N, Hence

mz,y+m2 € N and therefore y e N,
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Definiticn 2: Let M1 and M be two submonoids of F. We say that

M1 is subtractive onto M iff for any x ¢ M1 there
isy e M1 such that x+y ¢ M., We denote by SF(M) the set of all elements

x ¢ F such that x+y ¢ M for some y ¢ F,

Lemma 5: Let M be a submonoid of F, then SF(M) is the

maximal submonoid of F which is subtractive onto M,

Proof: Clearly A ¢ SF(M). Let x,y ¢ SF(M), then we have
x+x1,y+y1 ¢ M for some xl,y1 e F. Hence
(x+y)+(x1+y1) = (x+x1)+(y+yl) ¢ M, which shows that x+y ¢ SF(M). Therefore
SF(M) is a submonoid of F, By the définition of_SF(M) it follows that any sub-

monoid of F which is subtractive onto M is included in SF(M).

Coroll : & .

roliary M SF(M)

Proof: M itself is subtractive onto M,

Lemma 6: Let M be a submonoid of F then SF(M) satisfies the

following condition:

7s
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for any x,y ¢ F : x+y ¢ SF(M) implies

X € SF(M). (In particular, x+y e¢ M implies x ¢ SF(M).)

Proof:

Corollarz:

Proof:

Lemma 7:

Proof;

Let x+y ¢ SF(M) then x+(y+z) ¢ M for some z ¢ F,

hence x ¢ SF(M}.

SF(M) is a normal submonoid of F, Hence, x ¢ SF(M) §

{(x+M)n (y+M) # P implies y ¢ SF(M)'

Immediate; the result follows from Lemma 4,

SF is a closure operation on the submonoids of F; i.e.,
(i) M€ SF(M) and SF(M) is a submonoid of F,

ii) M &M implies S (M) & S_(M

(i1) M €M implies S (M) € Sp(M),

(iii) SF(SF(M)) = SF(M).

We had (i) as a corollary to Lemma 5, The proof

of (ii) is immediate by Df, 2., From (i) follows

that SF(M) s SF(SF(M)); so let x ¢ SF(SF(M)) then we have x+y ¢ SF(M) for some

y € F and so we have x+(y+2) ¢ M for some y,z € F, thus x ¢ SF(M).
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Corollary: Let Ml be an intermediate submonoid of F between

M and SF(M) then SF(Mx) = SF(M),

Proof: Immediate,
Lemma 8: Let M1 be an intermediate submonoid of F between -

M and SF(M). If M1 is normal then it is subtractive

onto M,

Proof: Let x ¢ M1 s SF(M)' then x+y ¢ M for some y ¢ SF(M).
But M ® M1 and s0 X,X+y ¢ M1 which implies that

y € Ml. Hence for any x € Ml there is y ¢ M_ such that x+y e M,
IS

Lemma 6 implies the following relation between the sets

of generators for F and for SF(M)

Lemma 9: Let W be a set of generators for F then

wl

fweW: (wtF)nM # @) is a set of
generators for SF(M). In particular, if W is a basis of F then W' is a basis

of SF(M);
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Proof: From the definition of W' it is clear that
Wt € Sp(M). Let x ¢ SF(M) € F then x is a finite
sum of elements of W, Let w be any element of W which is a summand of x,
then we have x = w+y which implies by Lemma 6 that w ¢ SF(M) and therefore
w ¢ W', Hence x is a finite sum of elements of W' which shows that SF(M) is
generated by W',
Corollary: (i) If F is free then SF(M) is free,
(i1) If F is finitely generated then SF(M) is

finitely generated,
Proof: Immediate.

The proof of the following lemma is now obvious and so

is not given here.

Lemma 10: Let M, M1 and M be submonoids of F,
E— 2
i) M1 € M implies that if M is subtractive onto
2

M1 then it is subtractive onto M .,
2
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(ii) M= M1 implies that M1 is subtractive onto M

iff it is subtractive onto NF(M).

Definition 3:

Lemma 11

Let M be a submonoid of F, The submonoid spanned

by M in F is denoted by HF(M) and defined by

HoM) = (xeF:x=dvxaN M) f A},

Let M be a submonoid of F, HF(M) is a normal

submonoid of F which includes M and is subtractive

onto M and so M £ N_(M) € H (M) €S (M) € F.

Proof:

Let x,y € HF(M) then we have klx,kzy & NF(M) for

for some positive integers k1 and‘kz. Therefore,

klkz(x+y) = kzﬁklx)+kl(k2y) € NF(M)' hence X+y € HF(M). Since A ¢ HF(M) by

definition, “F(M) is a submonoid of F, and from the definition of HF(M) it

follows directly that M & HF(M).

Let x,x+y ¢ H (M), that is kxx'kz(X+Y) € NF(M) for
. ,

some positive integers k1 and k . Hence k (klx),klkz(x+y) € NF(M), that is,
2 2 | :

klkzx, kikzx*klkzy € NF(M) which implies k1kéy € NF(M) which shows that
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y ¢ H (M), Thus HF(M) is normal.
F
Let x ¢ HF(M) then kx ¢ NF(M) for some positive
integer k. lence x+(k-1)xe‘NF(M) € SF(M) which implies by Lemma 6, that
X € SF(M). Thus HF(M) S‘SF(M) and so by Lemma 8, HF(M) is subtractive onto M,
Corollary: X € HF(M) & (x+M) n (y+M) # @ implies y € He (M) .
Proof': Immediate by Lemma 4,
Remark: The relation x*(\NF(M) £ A* can be interpreted as
the "linear" dependence of x on M, This interpre-
tation is in particular obvious in the case where F is a finitely generated
free commutative monoid. In this case, F can be embedded in a linear space
over the rationzls, RP (where n is the number of the free generators of F)
and‘HF(M) is the intersection of F with the subspace of R" spanned by M,
Lemma 12: HF is a closure operation on the submonoids of F; i.e.,

(i) M€ HF(M) and HF(M) is a submonoid of F,

ii) M €M implies H (M) € 1)
(ii) . , ‘mplies F( 1) HF(Mz)’
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(iii) HF(HF(M)) = HF(M) .

Proof: From Lemma 11 we have (i). (ii) follows directly
from the definition of HF(M). From (i) we infer
that HF(M) & HF(HF(M)), so let x C‘HF(HF(M))' If x = X then x ¢ HF(M)'
If x ¥ X then x*n NF(HF(M)) # A*. By Lemma 11 we have that HF(M) is normal
and therefore we have for x # A and x eHF(HF(M)) that x*f\HF(M) # A*, This
implies klx € HF(M) for some positive integer klz hence kzkzx € NF(M) for some

positive integers k1 and kz’ which shows that x € HF(M).

The algebraic relations among N HF and‘SF are summarized

F’

in the following Lemma, some of them are implied directly by our previous

discussions.

Lemma 13: The three operations NF’ HF and SF are commutative,

idempotent and satisfy the following relations:

(1) HF ° NF‘ = HF

(1) S o N =S, o H = Sp .

F F

In other words, the semigroup of operations E? generated by NF' HF’SF is a

commutative idempotent monoid with a zero, in which NF is the identity element

13,




14,

and‘SF is its zero element,

Proof:

All we need to show is that the following table

is the multiplication table for ti:

° NF ”F SF
N N H S
F F F
HF HP HF SF
S 5 S S
F F F F

By Lemma 1, corollary of Lemma 6 and Lemma 11, we

have the following relations:

the relations:

relation:

NF ° NF = NF’ NF ° SF = SF and NF ° HF = ”F .

From the corollary of Lemma 7 and Lemma 11 we get

From Df. 3 and the relation NF ) NF = NF we get the

By Lemma 7 and Lemma 12 we have the relations:

s

[

" — p— gy r........:
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SF ° SF = SF and HF ° HF = “F .

Hence, we need to prove only that H_ ¢ SF = SF holds. By

F
Lemma 12 we know that SF(M) = HF(SF(M)); so let x ¢ HF(SF(M))’then we have

kx ¢ NF(SF(M)) = SF(M) for some positive integer k, But kx = x+(k-1)x and so

by Lemma 6 we have that x ¢ SF(M). llence we have “F ° SF = SF .

15,
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§3  Factor monoids,

The method by which factor groups are defined in group
theory cannot be applied directly to our context in order to get a definifion
of factor monoids. This is due to the fact that in our case we do not have
the property that two cosets are either disjoint or identical, However, by
defining a suitable equivalence relation in F we can define F/M to be the
abstraction of F by that equivalence relation énd the term ''factor monoid"
will be appropriate for F/M in the sense that factor groups become special
cases of factor monoids and the theory of factor monoids will be similar to
theory of factor groups. With this aim in mind we follow the suggestion of

Mezei [2] for the equivalence relation pM and introduce the following definition,

Definition 4: Let M be a submonoid of F, we define a binary relation
oM in F by
XpMy iff (x+M)n (y+M) # @ .
Furthermore, we shall use the following notations:
(i) for any equivalence relation p which is

defined in F: p(x) ® 5 {y e F: xpy }.

(ii) for any submonoid M' of F we define

=2 Gl

U A
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/M = M? = : )L
Mt/ df /oM {'DM‘(X) X e M'}

Theorem 1: (Mezei) For any submonoid M of F, oy is the

minimal congruence relation p which is defined |

in F such that p(}) = NF(M).

Proof: From the definition of Py it follows immediately that

i is symmetric and reflexive, Let x Py Y and y pM z,
then we have x +m =y +m and y +m =2z +m for somem , m , m , m € M,
1 2 3 iy 1 2 3 b
Hence x +m +m =2z +m +m andm +m , m +m ¢ M which imply xp 2z .
1 3 2 4 1 3 2 4 M

Thus Py is an equivalence relation,

Let x Py ¥ and z be any element of F, then we have
X + m1 =y +m for some ml, m e M, Hence (x+z) + m1 = (y+z) + m2 which shows

2 2

that (x+z)pM(y*z). Therefore P is a congruence relation defined in F.

By Lemma 3 we have that x ¢ pM(A) iff (x + Nr(M))n NF(M) £ Q.

But since NF(M) is normal we have (x + NF(M))n NF(M) # P iff x e NF(M)' Hence

oy(3) = Np().

Now let p be any congruence relation which is defined in

F such that p(A) = NF(M). By Lemma 3 we have that x Py Y implies
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X + m1 =y + m for some ml, m o NF(M) = p(A). Since p is a congruence
2 2

relation we have x + m1 pxand y +m p y, which together with the equality
2

X + ml = y +m imply x p y. Hence x MY implies x p y.
2

Another connection among congruence relations which are
defined in F, is given in the following lemma,
Lemma 14: Let M1 and M2 be two submonoids of F such that

M1 € M2 and let x,y e'F, then x p,, y implies x Py Y-

1 2

M

Proof: Immediate by Df. 4.

Definition 5: Let M be a submonoid of F, we define a binary
operation @ in F/M by:

Pu(X) @ py(y) =3¢ oy, (x+y)

Theorem 2: Let M be a submonoid of F, then:
(i) <F/M, > 1is a commutative monoid with pM(A)

as its identity element;

— =
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(ii) <F/M, ®> is the image of <F, +> under the

homomorphism rM(x) = (x) whose kernel is NF(M);

df PM

{iii) the maximal submonoid of <F/M, @> which is

a group is.<SF(M)/M, @>

(iv) if F is a cancellative monoid (i.e,, if x + z =

y + 2 implies x = y for all x, y, z € F,) then <SF(M)/M, ®> is the maximal

subsemigroup of <F/M, &> which is a group.
Remark: As it is usually done, we shall use the symbols
"F/M", "Sp(M)/M" and "Hp(M) /M" to denote the

sets of the equivalence classes and the algebraic systems consisting

of these sets and the operation ©.

Proof: Since Py is a congruence relation we get that

X Py X and Yy 0 Y imply (xAl‘ + ¥} ey (xty) and
therefore @ is well defined,

(i) Clearly F/M is a commutative semigroup, and
pM(x) @ pM(A) = M(x) holds for‘any x ¢ F since Py is a congruence relation,
Hence F/M is a commutative monoid with pp(A) as its identity element.

(ii) Immediate,

19,
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(iii) pM(x) is a unit in F/M iff there is y ¢ F
such that pM(x+y) = pM(A). Hence, by Lemma 6 and Lemma 11, pM(X) is a unit
in F/M iff x € S;(M). Since SF(M)/M forms a group we get that it is the

maximal submonoid of F/M which is a group.

(iv) We have to show that in the case where F is
cancellative, pM(x) + pM(u) = oM(x) implies pM(u) = pM(A). From (x+u) pM b3
follows x + u + m1 =X + m2 (for some ml, m2 ¢ M), hence, by the law of

concellation we get u + m1 = m2 which shows that pM(U) = oM{A).

We can strengthen the result stated in Theorem 2 (iii)
as follows:
Lemma 15: Let M and M1 be submonoids of F, then MI/M is a submonoid

of F/M which is a group iff M 1is subtractive onto NF(M).

Proof: If Ml/M is a group then for any x ¢ Ml there is
v e M1 such that pM(x+y) = pM(A). Thus, for any

X € Mi there is y € M1 such that x + y ¢ pM(A) = NF(M). Hence M 1is

subtractive onto NF(M).

If M1 is subtractive onto NF(M) then for any x ¢ M1

there is y ¢ Mlsuch that x +y ¢ NF(M). Hence for any a ¢ Mi/M there is

[

i ) £ 3 { -1 T
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b e Mi/M such that a 8 b = pM(A) and since MI/M is a commutative monoid, this

implies that Ml/M is a group.

Corollary: If M€ M1 then MI/M is a group iff M is substractive
MALLLLLLYA 1
onto M,

Proof: Imnediate by Lemma 10 (ii) .

Most of the expected connections between homomorphisms
of monoids, factor monoids, congruence relations and normal submonoids can

be established similarly to the corresponding results of group theory.

Theorem 3: Let F and F1 be commutative monoids and let
fi:F- F1 be a homomorphism of F onto F1 .
(i) Kf, the kernel of f is a normal submonoid of F,

(ii) The relation Pe determined in F by f:
Xofy T} f(x) = f()’) s

is a congruence relation and pf(A) = Kf .

(iii) F is unit-free (i.e., u + v A implies

u= A for all u, v ¢ F ,) iff Sp(Kg) = Kee

Proof: (i) See Lemma 2,

21,
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(ii) Immediate.
(iii) Let x +y € K. then in F1 we have f(x) + f(y) = A,
Hence, if F1 is unit-free then x + y ¢ K¢ implies x e K¢ which shows that

SF(Kf) = Kg o« On the other hand if we have in F1 u+ v =X then u = f(x)

and v = £(y) for some x, y ¢ F and f(x+y) = £(x) + f(y) =u + v =1i; i.e.,

X +y e Kg lience if Sp(Kf) = Kf then we have x ¢ Kf and therefore u = f(x) = A

and thus F1 is unit-free,

Theorem 4: Let F and F1 be commutative monoids and let f; F » F
I e——— 1
be a homomorphism of F onto F , There exists a unique
1

hohomorphism ¢:F/Kf + F such that the following diagram is commutative,
1

that is, ¢ © rK=f (where Ty (x) (x)). Moreover,s is onto and it has
£

= o
£ df ~Kg

a trivial kernel, namely K¢ = {Kf }. However, ¢ is an isomorphism of F/Kf

onto F iff p _ .
1 £ pKf

l ‘ 1 E " frosme— m— rﬂ-sa:'! E i i i--

el o]

I

=1 1 1 |

L et B SR

M =

S—



ol - —

F

O
]

— 3 F

Proof: Clearly, we define ¢ by ¢(pK (x)) =¢g¢ f(x).
f
By Theorem 1 and according to Theorem 3(i), we have

that Py is the minimal congruence relation p which is defined in F such that
f

p(A) = Kf. By Theorem 3(ii) wc have thatpf is a congruence relation which is

defined in F such that pf(x) = Kf‘. Ilence ok implies pf, which shows that ¢
f

is well defined, It is obvious that ¢ is the only mapping from F/Kf to FI

which satisfies the relation q)orK = f,
f

From the fact that T, and f are both homomorphisms of F
£ .

and f is onto, and from the relation ¢°rK = f it follows that ¢ is a homo-
f

morphism of F/Kf onto Fl .

Note that
DKf(X) e Kg iff f(x) =x in F},
i.e,, iff x ¢ K

i,e,, iff Py (x) = Kf

llence, K¢ = {Kf }.

u

4(p, (), then

Now, if p . = pKf and ¢(pKf(X)) ¢

=f : | ' = = = . { C =
f(x) (y) and therefore pf(x) pKf(x) pKf(y) pf(y) lience e pKf

implies that ¢ is an isomorphism of F/Kf onto Fl'

23,

On the other hand, if ¢ is an




24,

isomorphism then
£(x) = olpy (X)) = oo, (¥)) = £(y) implies oy (x) = p) (¥)
f f f f
that is, that Pe implies PR - Cince always Pk implies pes WO get that if ¢
f f .

is an isomorphism then Pp = Pyg -«
of

We end this section with a discussion on certain con-

ditions for F/M to be finite.

Lemma 16: Let M be a submonoid of F, If F is cancellative and

SF(M) # F then F/M is infinite (and so F is infinite

too),

Proof: Let x ¢ F and let k1 > k, be two distinct non-negative
integers, Assume that k,x) = k x), then k. x + m_ = k_x + m_ for some
5 Pyl = oy ), RS T I

ml, n, € M, llence kzx + (kl-kz)x + ml = k2x tm,, which by cancellation implies

2

(kl - kz)x +m e M. Since kl > k2 we get kl-k2 2 1 and so we have
1

X + ((kl-kz—l)x‘+ m;) e M which shows that x e SF(M)’ llence if x ﬁ'SF(bQ then

oM(klx) # p“(kzx) for any distinct non-negative integers kl, Kos and thus F/M
M .

is infinite

= = s T e e

—
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Lemma 17:

25,

Let F be cancellative and M be a submonoid of F.

If x ¢ F but x ﬁ‘HF(M) then pM(klx) = pN(kzx)

implies Ikl-k2|x =} . In particular, if k # ky and yet o (k;x) = p, (k;x),

(where x ¢ F but x £ lig(M), ) then x is a unit of F (i.e., there is y ¢ F

such that x + y = A ).

Proof:

Corollary:

Remark:

Lemma 18:

As in the proof of Lemma 16 we get that [kl-k2|x e N.(M).
Thus x £ Hp(M) implies |k1-k2|x = A,
Let F be cancellative and unit-free and let M be a

submonoid of F. If HF(M) # F then F/M is infinite,

Note that since “F(M) £ SF(M) € F holds, HF(M) = F

implies SF(M) = F,

Let F be cancellative and unit-free, M be a submonoid

of F and w ¢ F; then w*n NF(M) is a normal submonoid

of F generated by a unique element,

Proof:

Let x, x + y ¢ w* for x, y € F, then x = klw and

X +y = kow for some non-negative integers kl' kz.
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If k2 2 kl then let k2 = Ik + k and we have klw + kw = klw + y and so hy

cancellation we get y = kw ¢ w*, If k2 < k, then let k1 = k, + k and we

1 2

have x + y + kw = x‘énd‘so by cancellation we get y + kw = A, But F is
unit-free and therefore we have y = A ¢ w*, Thus w* is a normal submonoid
of F, llence w* f\NF(M) as an intersection of normal submonoids of F is a
normal submonoid of F too,

If w*/\NF(M) = A* then X is the generator of w*n NF(M). If
. wxn NF(M) # A* then let ko be the minimal positive integer k such that
kw € (w*r\NF(M)). Clearly (kow)* € (w*r\NF(M)) and we shall show that
(kow)* = (w*f\NF(M)).

Let kw ¢ (w*f\NF(M)) and let k = pko + r where p,r are non-negative
integers such that 0 £ r < kge Then we have kw = p(kgw) + rw and
kw, p(kow) € (w*r\NF(M)). But w*r\NF(M) is normal and therefore rw e (Ww*n NF(M));
hence, by the choice of ko it follows that r = 0 and kw = p(kow) € (kow)*.
Thus w*n NF(M) = (kow)*.

As for the uniqueness of the generator of w*r\NF(M) we'shall show that

x* = x® implies x, = Xx

1 2 1 2° 1 2 1

3 * o ek = o, - L
From x x* follows that x kzxz and x2 klxl

for some positive 1ntegers‘k1, k lence Xy = klkzx1 and X=X + (klszl)x1

2°

r

s |
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which by cancellation implies (klkz-l)x1 = ) and this by the fact that F is

unit-free, implies k kz = 1 and thus x, = x, .

1 1

Definition 6: Let T be cancellative and unit-frece, and M be a
submonoid of F, For any set D = (..wi,,} of
generators for HF(M) we associate the set BM = {...ei <+ Jwhere €; = kiwi’
for any i, is the generator of w;r‘NF(M).
We denote by [BM] the set of all elements cof ”F(M) of
the form x =‘§aiwi where for any i : 0 2 a; < ki (and ay # 0 only for a

finite set of values for i).

Lemma 19: Let M be a submonoid of F where F is cancellative and
unit-free, and let B be a set of generators for
1 (M » .
HF(M). Then:
(1) BM is a set of elements of NF(M)’

(i1) for any x ¢ HF(M) there is y e [By] such that

* € *
X + BM y + BM’
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(iii) (xl + B A (x2 + B #0and x; € nF(M) Hiply

N (M),
X, € F( )

Proof: From the definition of B,\1 it follows directly that B“
— M !
is a set of elements of NF(M). llence B; € NF(M) and
this implies (iii).

Let x ¢ HF(M) then x = Eaiwi . TFor any i there are

non-negative integers b, and ¢, such that a, = b,k + ¢, and 0 £ ¢, < k.;
1 1 1 1 i 1 1 1

= Eb.e, . C . . m = LD.g. = * , 3
SO X )iblel + gclwi Let m §b151 and y ) CyWs then x ¢ BM s Y € [IM]

and x =y + m, lence x + Bt Sy« BQ‘.
. !
Corollary: (1) [Bhﬂ uB:\1 is a set of generators for HF(M).
11 (N = k.
(ii) H (1) = Uiy + By e [Byl} .
(iii) ([BM]n NF(M))U B,\‘1 is a set of generators
for Np(M).

(iv) N.OD = Uiy + Br oty e ([BM]n‘NF(M))}.

In order to apply these results to factor monoids we need the fol-

lowing lemma.

et ] ol
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29,
Lemnma 20: Let M1 and MZ be subnonoids of F such that M1 & M2.
If F/M1 is finite then F/M2 and MZ/Ml are finite too

" s
(hence, NF(MZ)/M1 is also finite.)

Proof: Let F/Ml = {le(xl), ceey le(xk)} . By lLemnma 14
we have that for any x ¢ F : Py () € oy (X))
1 2
K
lience F = LJ Py (xi) and therefore F/M2 contains at most k clements.
i=1 "2
” [
Let pl(x) be an element of M2/M1 then pl(x) & le(x) € F/Ml.
Let pl(x) and pl(y) be any elements of MZ/M1 which are included in Py (2) for
[}
some z € F, then Xy Y and therefore pl(x) = pl(y). Hence Mz/Ml contains
1
at most the same number of elements as‘F/MZ.
) . - ‘ . Cite .
By taking M2 NF(Mz) we get that NF(MZ)/Ml is finite
Theorem 5: Let F be cancellative and unit-free and M be a

submonoid of F, If HF(M) is finitely generated

then NF(M) is finitely generated and HF(M)/M is finite.

Proof: Let B be a finite set of generators for HF(M), then
clearly BM and [BM] are finite,
From the corollary of Lemma 19 it follows that NF(M) is generated by a subset

of [BM]l)BM and so it is finitely generated, From the same corollary follows
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that HF(M)/BQ is finite, but Bﬁ & NF(M) and so by Lemma 20 we have that

HF(M)/NF(M) is finite but “F(M)/NF(M) = HF(M)/M and so HF(M)/M is finite,

Combining Theorem 5 with the corollary of Lemma 17 we
get a necessary and sufficient condition for F/M to be finite in the case
where F is finitely generated,cancellative and unit-free, e.g,, in the case

where F is a finitely generated free commutative monoid.

Theorem 6: Let F be a finitely generated cancellative and
unit-free commutative monoid and let M be a sub-

monoid of F then F/M is finite iff HF(M) = F,

]
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§4 Normal submonoids of Fn

Let Fh be the free commutative monoid generated by
E = {el, coey en} . The special case of the finitely generated submonoids
of Fn is of importance to the study of commutative events since these are
the submonoids of Fn which are denoted by regular expressions over E as

an alphabet. For a detailed discussion on this connection the reader is

referred to [1].

Lemma 21: Let M be a submonoid of Fn. There is a finitely
generated free submonoid N of NF(M) which is normal in Fn and HF M = “F N).
n n
Proof: Let R" be the n-dimensional vector-space over the

rationals; then, as one can easily verify,

HF M = an V(M) where V(M) is the sub-vector-space spanned by M and clearly
n

F, is the first orthant of RM,

From linear algebra we know that for any sub-vector-space
V of R? which has a basis in the first orthant of R" , one can find such a
basis {vy, ..., Vk} with the additional property that v is a vector of V with

non-negative components only iff v =
i

n - =

r.v. where for all 1 £ i §k : r
Qi

31,
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Since M € Fn, V(M) has such a basis in the first orthent of R® say (vy, ...,vw}.
For any vy in this basis there is positive integer p; such that Pivyi € Fn

and therefore PV, ® HFn(M). But this implies that Pya;vy € NFn(M) for some
positive integer q;. So let w, = kivi be the first non-zero point on the

line determined by A which is an element of NF‘(M). Since {vi, crey Vk}

n

is an independent set of vectors in R, we get that W = {wl, «+s, Wi} generates

a free submonoid N of NF(M).

Let x, xty € N for some y ¢ F_ then clearly y € V(M) and

k
TV, and x + y = L b.w

1t j=1 + 1

therefore y ¢ H

ot
[

£

~<

0
n'Mx =

E (M). So let x =
n i

then we have
= 2 S i S
r, = (bi-ai)ki £ 0 for all‘l‘- i2k
which shows that y e N and therefore N is normal.
From V(M) = V(N) follows V(M) n Fp = V(N)r\Fn, that is,

He O = Hy (),

Following some of the ideas which were discussed in the

last part of the previous section we define:

fd i
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Definition 7: Let N be a normal free submonoid of F, generated
by the basis W = {wl, ceny wk}.

a: We denote by [W]H the set of all elements x of

$4q s sy q
TiW, where for all 1 i=k: r; is

Fn for which in R® we have x =
: 1

LR i

i

rational and 0 r, <L
b: We define a binary operation <+> in the first
orthant of V(N) with regard to W:

k
fl(max(ri,si))wi.

»

"
LI g
LU B

SW. dy=
ryw. and y =

S.w, imply x <+> y =
1 i 1

1 i df i

i

Certain properties of <+> are summarized in the follow-

ing lemma; the proof is straightforward and will not be given.

Lemma 22: (i) <+> is associative, commutative and idempotent.

(11) x,y € [W}H iff x <>y e “ﬂli'

Similarly to Lemma 19 we have the following theorem which

establishes the relation between N and Hy, (N) in more detail,
n




o

Theorem 7:

Then:

x+ NSy +N,

Proof:

34.

Let N be a normal free submonoid of Fn generated

by the basis W and let H = HF (N).

n
(1) [W]“ is a finite set of elements of H,

(i1) for any x € i there is y € [W]“ such that

(iiiy (x+N);\(y+N) #9 (i.e., xpNy,) for x,y ¢ Ul implies:
(1) (x+N)n (y#N} = (x <+>y) + N,
@) x5, x> yep ),

(3) ifx, ye [W]H then x = y,

(1) From the definition of [W]H‘it follows that if

X € [W]H then px ¢ N for a suitable positive integer

p and since x € Fn it follows that x € H. Clearly [W]H is finite.

Let W = {wl, ey wi} . From the definition of HF (see section

1, Df, 3) it follows that,in our case, for x ¢ Fn s X e M iff x =

for all 1 £4i 8 k ; Ty

[ I

r.wi where

i=1 t

is a non-negative rational,

e bt
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k

(ii) Let x ¢ Il then we have x = I r w, for
j=1 1

non-negative rationals r.. For any 1 £ i < k let a; bea non-negative integer

. . <
and S5 be a non-negative rational such that r, = a, + s, and 0 = 5;< 1;

and so we have
k k

x= Zaw + ILsw .
i=lt * 1 ger 4

k
let w= I aiwiand y = Esiwi,then we have w ¢ N and x = w + y, From

i=1 i=1

x*

X, WE Fn follows that y ¢ Fn (in other words, F, is a normal submonoid of
the first orthant of R" which is a commutative monoid) and so y ¢ [W]H and

x+NEy+N,

k k k
(iii) Let x= I r.w,, y= L s.w.and z= I t.w, ¢
=1 11 i=1 * 7 i=1 11
(x*N) " (y+N) for non-negative rationals r;, s; and tj. llence we have
k k k k k
z= Ltw,= IZIT:W. + Law, = Lsw + Ibw
171 1 ] : ’
i=1 S0 W T U 1 B 0
or
k k
= + =
z iil(ri ai)wi i§1(5i+bi)wi
for non-negative integers ay and‘bi. Since W is a linear basis of V(N) we get
t. =T, +a, =5, +b, foralll $£i#k ,
i i i i i
which implies ti = max(ri,si) + min(ai,bi)
and a,-b; = s,-r, foralll1fi2k ,
i i7i
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k
Let w= 1 (min(ai,bi))wi then clearly w ¢ N and we
i=] :
have z = (x <+>y) + w which implies (x+ N)a(ly +N) € (x <¢>y) + N ,
On the othexr— hand we have:
k
X <+> = T rw +~ I S.~T. )W, = X + T (a;-b.)w,
YT slr(l " a‘ib(ll)l
i i i"i
and
k
X <#>y= L SsSW + I o(r,-s_ )w, = y + L (b.=a,)w, .
so1 14 2 1 171 2, 1 17 1
i=1 +1 b si bi a;
Hence x <+#> y e (x + N)n (y + N) ad Tthis concludes the proof of (iii),{1).
Furthermore, the last equalities- show  that (x <+> }’)ON X and (x <+> y)pN‘ y
and.since we assume xpNy we have- proved (iii), (2).
The same eq walitides yield
X <+>y = X+ g (Si'ri)wi =y + g (ri-s,i)wi ,
s. =rI. r.=Ss,
i i7i
and so X,y € [w]H implies
0= [r;-s,| <lforall 18i £k
and yet Iri-silwi e N which is spessible only if|ri-si| = 0 and therefore x = y .

Corollary: (1) [IN]“U W is a set of generators for H and

therefeore i is finitely generated.

)
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(1) HN ={y+N :y e [w]“} and so H/N is finite.

Now, by Lemma 21 and Theorem 5, Theorem 7 yields the fol-

lowing result:

Theorem 8: For any submonoid M of Fn’ if M is normal then it
is finitely generated., In particular M is a finite

union of disjoint cosets of a normal free submonoid of M,

Proof: By Lemma 21 there is a normal free submonoid N of
M such that HF ™M) = HF (N). By Theorem 7 we get that HF (M) is finitely
n n n

generated and so by Theorem 5 we get that NF (M) = M is finitely generated.
n

From the relations N € M € HF M) = He
n n

(N) it follows

37,

that x € M and xpNy imply y € NF (M) = M, Hence we get M = L/{y +N:ye [W]}Phﬂ

n

and so by Theorem 7 we get that M is a finite union of disjoint cosets of N,

Thus Theorem 8, the corollary of Theorem 7 and Lemma 9 show

us that the operators N Hp and Sp have in their range only finitely generated

F *"F
n n n .

submonoids of F . This is implied directly from Theorem 8 "alone" since lip
n

and‘SF have in their range only normal submonoids of Fn.
n
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